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1 Introduction 

In |12j . V.F.R.Jones introduced the notion of indices for inclusions of IIi factors, which opened 
a completely new aspect of operator algebras involving various other fields of mathematics and 
physics, including topology, quantum physics, dynamical systems, noncommutative geometry, etc. 
He established a method to study the inner structures or the outer structures of given Ili-factors, 
preserving certain quantity, called the Jones index. And he enlarged the pure algebraic Galois 
theory to operator algebra, and this has a significant impact on mathematics and applied mathe¬ 
matics. The interesting fact is that not only his theory but also the techniques he used in his theory 
are important mathematically and applicable to other fields m- Subsequently, there are lots of 
attempts to extend the original Jones theory by various mathematicians. For instance, M.Pimsner 
and S.Popa in m introduced the notion of the probabilistic index for a conditional expectation, 
which is the best constant of the so-called Pimsner-Popa inequality. In |I5j . H.Kosaki discussed 
another way to define index for a normal semifinite faithful conditional expectation of an arbi¬ 
trary factor onto a subfactor exploiting spatial theory of Connes and the theory of operatorvalued 
weights. 

Though the probabilistic index works perfectly for analytic purposes even in the case of C*- 
algebras (see, e.g. m), it is not always suitable for algebraic operations such as the basic con¬ 
struction in the G*-case. Inspired by the Pimsner-Popa basis in the sense of IISI, Kosaki’s index 
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formula in the sense of m, and the Casimir elements for semi-simple Lie algebras, Y.Watatani [23j 
proposed to assume existence of a quasi-basis for a conditional expectation, a generalization of the 
Pimsner-Popa basis in the von Neumann algebra case, to analyze inclusions of C'*-algebras. With 
a quasi-basis, Watatani successfully introduced a C'*-version of basic construction, which is closely 
related to iL-theory of C'*-algebras 0121]. Roughly speaking, the (original or extended) Jones 
index theory is the study of certain elements measuring the maximal number of disjoint copies of 
topological *-subalgebra in a given topological ^-algebra. 

On the other hand, quantum chains considered as models of 1 -|- 1-dimensional quantum field 
theory exhibit many interesting features which include the emergence of braid group statistics 
and quantum symmetry. In particular, one-dimensional G-spin models, as a testing ground for 
applications of quantum group symmetries, have an order-disorder type of quantum symmetry 
given by the double D{G) of a finite group G, defined by Drinfel’d in the context of finding solutions 
to the quantum Yang-Baxter equation arising from statistical mechanics which generalizes the 
Z{‘2) X Z{2) symmetry of the lattice Ising model. In [22], the implementation of the Doplicher- 
Haag-Roberts theory of superselection sectors [giTlEllg] to G-spin models has been carried out. 
In this approach the symmetries can be reflected as the iJ(G)-invariant subalgebra A of the field 
algebra J- in G-spin models, called the observable algebra. 

The paper studies the Jones basic construction on field algebras of G-spin models, and is 
organized as follows. 

In Section 2, we collect the necessary definitions and facts about G-spin models, such as the 
quantum double D{G), the field algebra and the Hopf action of the symmetry algebra D(G) on 
T”, and then we also give a brief description of the G*-basic construction for G*-algebras. 

In Section 3, under the conditional expectation E from the field algebra F onto the D{G)- 
invariant subalgebra A, we can construct the crossed product G*-algebra F x D{G), and then 
prove that this algebra is G*-isomorphic to the G*-algebra {F, e_A)c* constructed from the G*- 
basic construction for the inclusion AQ F. 

In Section 4, we show that there is a natural iJ(G)-module algebra structure on J-” x D(G), and 
there exists a conditional expectation E 2 '. F D{G) F such that E^ is consistent with the dual 
conditional expectation of E: F ^ A in Proposition 2.1. Moreover, we give the quasi-basis for the 
dual conditional expectation of E. 

The main result of Section 5 is that the G*-algebra constructed from the G*-basic construction 
[F X D{G), 62 ) for the inclusion F Q F x D{G) is G*-isomorphic to the iterated crossed product 
G*-algebra F x D{G) x D{G), which is canonically isomorphic to M^q^ 2 (F) by Takai duality [23] . 

Then we give the concrete description of the new field algebra F x D{G) x D{G) by means of the 
order and disorder operators. 

All the algebras in this paper will be unital associative algebras over the complex field C. The 
unadorned tensor product (8) will stand for the usual tensor product over C. For general results 
on Hopf algebras please refer to the books of Abe [T] and Sweedler |21j . We shall follow their 
notations, such as S, A, e for the antipode, the comultiplication and the counit, respectively. Also 
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we shall use the so-called “Sweedler-type notation” for the image of A. That is 

^(a) = Ea(i) ® 0(2). 

(a) 

2 G-spin models and the G*-basic construction 

We first recall the main features of G-spin models, considered in the G*-algebraic framework for 
quantum lattice systems, and then give the C*-basic construction for C'*-algebras in G-spin models. 

2.1 Definitions and preliminary results 

Assume that G is a finite group with a unit u. The G-valued spin configuration on the two- 
dimensional square lattices is the map cr: ^ G with Euclidean action functional: 

S{cr) = 

{^,y) 

in which the summation runs over the nearest neighbor pairs in Z^ and / : G ^ M is a function 
of the positive type. This kind of classical statistical systems or the corresponding quantum field 
theories are called G-spin models |10l im I25j . And such models provide the simplest examples 
of lattice field theories exhibiting quantum symmetry. In general, G-spin models with an Abelian 
group G are known to have a symmetry group G x G, where G is the group of characters of G. If 
G is non-Abelian, the models have a symmetry of a quantum double D{G) [5l[T7], which is defined 
as follows. 

Definition 2.1. Let G(G) be the algebra of complex valued functions on G and consider the adjoint 
action of G on G(G) according to / o Ad{g~^). The quantum double D{G) is defined as 

the crossed product D{G) = G(G) Xq, G of G(G) by this action. In terms of generators D{G) is 
the algebra generated by elements Ug and 14 {g, h £ G), with the relations 

UgUh = 6g,hUg 
VgVh = Vgh 
^hUg = Ufigf^-lVh, 

r 1 a g = h, 

and the identification V U„ = Vu = 1, where dn h = { 

g&G '[ 0 a g ^ h. 

It is easy to see that D{G) is of finite dimension, where as a convenient basis one may choose 
UgVh,g,h £ G, multiplying according to Ug^Vh^Ug^Vh^ = ^gihuhig 2 UgiVh^h 2 - 

Here and from now on, by {g, h) we always denote the element UgVh for notational convenience. 
Also, the structure maps are given by 


A{g,h) 

t£H 

(coproduct) 

e{g,h) 

— ^g,ui 

(counit) 

Sig,h) 


(antipode) 
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on the linear basis {{g,h),g,h G G} and are extended in D{G) by linearity. One can prove that 

D{G) is a Hopf algebra, with a unique element E = called an integral element, 

geG 


satisfying for any a G D{G), 


aE = Ea = s{a)E. 


Moreover, with the definition 


{g,h)* = {h ^gh,h i). 


and the appropriate extension, D{G) is a semisimple *-algebra of finite dimension [2T], which 
implies that D{G) becomes a Hopf C^-algebra. 

As in the traditional case, one can define the local quantum field algebra as follows. 

Definition 2.2. The local field algebra of a G-spin model E\oc is an associative algebra with a unit 
I generated by {5g{x), ph{l) '■ g,/iGG, xGZ, ZgZ+^} subject to 


E ^g{x) 

g£G 

^giix) 6 g^{x) 
Phi {^)Ph 2 (0 
^giix)Sg2{x') 

Ph{l)6g{x) 

Phi iP)Ph2 ) 


I — Pu{^)i 

^ 9 i<g 2 ^gi (®)) 

Phih 2 (0) 

^g2{x')5gi{x), 

{ Shg{x)ph{l) HI <X, 

\ 5g{x)ph{l) if / > X, 

f Ph2{l)ph2-^hlh2i^) 

\ Phlh2hl-^{nPhl{l) Hl<V, 


for X, x' G Z, Z, Z' G Z + ^ and hi, / 12 , 51,52 € G. 

The ^-operation is defined on the generators as 5*g{x) = ^^(x), p\{l) = Ph-^{1) ^-cid can be 
extended to an involution on Tioc- In this way, J-joc becomes a unital *-algebra. 

For any finite subset A C iz, let E{A) be the *-subalgebra of Tjoc generated by 


^ 5 g{x),ph{l)-. 5,/i G G,x G AnZ,Z G An (Z + ^)|. 

In particular, we consider an increasing sequence of intervals Aji,n G N, where 


^2n = {s G ^Z: — n + ^ < s < n}, 
A 2 n+i = {s G ^Z: —n — ^<s<n}. 


In [22], the authors have shown that J-'(A„), n G N are full matrix algebras, which can be identified 
with Mjcjn. Moreover, under the induced norm, J-'(A„) are finite dimensional G*-algebras. The 
natural embeddings in - which identify the 5 and p generators, are norm pre¬ 

serving. Using the G*-inductive limit [IS1[22|, a G*-algebra F, called the field algebra of a G-spin 
model, can be given by 


7- = U-^(A„). 

n 
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There is an action 7 of D{G) on F in the following. For x € Z, / G Z + ^ and g,h ^ G, set 


{g,h)6f{x) = Sg^uShfix), yf^G, 

{g,h)pt{l) = Sg^hth-Fgil), ytGG. 

The map 7 can be extended for products of generators inductively in the number of generators by 
the rule 


{9,h){fT) = ( 5 , ^)(!)(/)( 5 ,/i)(2) (7"), 

(9,h) 

where / is one of the generators in Tioc and T is a finite product of generators. Finally, it is linearly 
extended both in D{G) and Tioc- 

Lemma 2.1. [22] The field algebra T” is a Il(G)-module algebra with respect to the map 7 . Namely, 
the map 7 satisfies the following relations: 

{ab){T) = a{b{T)), 

a{TiT2) = Z] a(i)(Ti)a(2)(r2), 

(a) 

a{T*) = {S{a*){T))* 


for a,b£ D{G), Ti,T 2 ,T € F. 

Set 

A = {F eF: a{F) = eia){F), Va G T)(G)}. 

We call it an observable algebra in the field algebra F of G-spin models. Furthermore, one can 
show that .4, is a nonzero G*-subalgebra of F, and 

A = {F eF: E{F) = F} = E{F). 

Indeed, from the following proposition, one can see that ^ is a G*-subalgebra of F. 

Proposition 2.1. [22] The map E: F ^ A satisfies the following conditions: 

{!) E{I) = I where I is the unit of F; 

(2) (bimodular property) V Fi, F 2 G -4, F e F, 

E{FiFF2) = FiE{F)F2; 


(3) E is positive. 

In the following a linear map F from a unital C*-algebra B onto its unital C*-subalgebra A 
with properties (l)-(3) in Proposition 2.1 is called a conditional expectation. If F is a conditional 
expectation from B onto A, then F is a projection of norm one [3]. In addition, if E{Bb) = 0 
implies 6 = 0, for b a B, then we say E is faithful. 
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2.2 The C*-basic construction for the inclusion 

This section will give a concrete description of the C^-basic construction for the inclusion A<Z T 
and some properties about the Jones projection. 

Let r: i? ^ ^ be a faithful conditional expectation. Then (viewing B as a right ^-module) 
is a pre-Hilbert module over A with an H-valued inner product {x,y) = T{x*y) for x,y (z Ba- Let 
Ba be the completion of Ba with respect to the norm on Ba defined by 

\\x\\ba = \\^{x*x)\\\, X G Ba- 

Then Ba is a Hilbert C^-module over A. Since T is faithfnl, the canonical map B — Ba is 
injective. Let La{Ba) be the set of all (right) H-module homomorphisms T: Ba —t Ba with an 
adjoint H-module homomorphism T* : Ba Ba such that 

Then La{Ba) is a C*-algebra with the operator norm 

IITII = sup{||TC||: 11^11 = 1}. 

There is an injective ^-homomorphism A; H —>■ La{Ba) defined by \{b)x = bx for x G Ba and 
b € B, so that B can be viewed as a C*-subalgebra of La{Ba)- Note that the map 7 ^ 1 ; Ba —>■ Ba 
defined by '^a{x) = r(a:) for x G Ba is bounded and thus it can be extended to a bounded linear 
operator on Ba, denoted by 7 ^ again. Then 7 ^ G La{Ba) and = l\ = 1 *a, that is, 7a is a 
projection in La{Ba)- From now on we call 7^1 the Jones projection of T. The (reduced) C^-basic 
construction is a C'*-subalgebra of La{Ba) defined to be 

{B,-fA)c* = span{A(x) 7 AA(y) G La{Ba)- G H}" ^ 

For the conditional expectation E: E ^ A, we shall consider the C^-basic construction {E, eA)c*, 
which is a C'*-subalgebra of La{E) linearly generated by {A(x)eytA(y): x,y € E}, where E is the 

completion of Ea with respect to the norm ||x||j-^ = ||Fl(x*x)||_^ and is the Jones projection of 
E. 

In order to describe the concrete construction of {E,eA)c*, we first consider the local C^-basic 
construction {E{KiA,eA)c* (since E: E{AiA -A- Al(A, 3) is also a conditional expectation by 

Proposition 3.1 in [ 22 ]), where Ai 2 = |^, 1 ,|, 2 | and T'(Ai 2 ) is a C'*-subalgebra of the field 
algebra E generated by 

^6g{x),ph{l)-. g,h G G,x = 1,2,1 = ^,^y 

Also the dimension of T'(Ai 2 ) is finite, then the C'*-algebra {E(Ai A, ejAc* is generated by 

2 ’^ 2 ’^ 

\^5g{x),ph{l),eA G L2i(7'(Ai 2 )): g,h e G,x = 1,2,1 = y ^|. 
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By Definition 2.2 and being a projection, we know the linear basis of {T(Ai ^), ej{}c* is 

{^gii'^)^92{‘^)phi{^)ph2{^)eASsi{l)Ss2{‘^)pti{^)pt2{^)- gi,hi,Si,ti G G, for i = 1 , 2 |. 

We will give some properties about the elements in 2)) as follows. 

Lemma 2.2. (1) As operators on J^(Ai 2), we have e^Te^ = E(T)eA- 
( 2 ) Let T G J^(Ai 2), then T G . 4 ,(A^ 3 ) if and only if e^T = Tea- 

Proof. ( 1 ) Suppose that T = (5g^(l)5g2(2)/9/ii(^)/5/i2(|)- It suffices to show that 


SATcAiF) = E{T)eA{F) 

for any F = (5)^*2 (f) ^ -^(^ 1 , 2 )- 

We can compute 

eATeA{ 5 s^ (1)5*2 (2)Ai (i)Pt2 (f)) 

= ^tit2,u^AT{T;^ X) 5/si(1)5/*2(2)p/ti/-i(2)P/t2/“^(f)) 

/eG 

~ fG\^tlt2,uE{ ^ 5gj(l)5g2(2)/5/ll(2)P^2(i)5/*l(l)5/*2(2)P/ti/-l(2)P/t2/“l(i)) 
/gg 

= ]^5iit2,«-®( Z) 5gi(l)5ft^/s^(l)5g2(2)5/s2(2)pfti/ii/-i(5)p/i2/-ih2(i)) 

/gg 

= '^^ht2,uE{5g^ (1)5c,2 

and 

(1)5<;2 (2)/5fti (i)Pfe2 (i))e.4(5*i (1)5^2 (2)pti (^)A2 (f)) 

= E{5g, (1)5,2 (2)/9/.i (i)p/.2 (i))^(5*i (1)5*2 (2)pti (^)pt2 (f)) 

= |^5t^t2_„5/ij/i2,«U>^-i^2(i))'^gf^/ij'^gi(l)^*;f^*2(i))^*rhj-^*i(l) 

(2) For T G .4,(A^ 3 ), without loss of generality, set T = Wy{^)vx{l). Notice that 

eAT{Sg^ (1)5,2 (2)/3hi (i)/5/i2 (§)) 

= ^(^y(i)w(l)5gi (1)5,2 (2)pft^(i)p,,2(|)) 

= ^(E 5s(1)5s,(2)p^^-i^-i (Dpsxs-^ (i)5si (1)5,2 (2)Pfti (i)/3/i2 (§)) 

~ -®(Z 5*(l)5sj;-ls-l,j (l)5s,(2)(5,2 (2)p*x-l*-l/ii(2)/^/i“l*a;*-l/ii/i2(i)) 

S ^ 

= -®(5gia;-l (I)5,ix-lj/(2)5,2 (2)/5,ix-l3-l/ii(2)/^/i“lgixg-l/iih2(2)) 

~ ■[Gi'^9ia;“l?;,S2'^^l/i2,-!i'^a;g"lg2(2)'^xgf^h“^gi(I)’ 

and 

TcAiSg, (1)5,2 (2)/J/ii (^)/3h2 (i)) 

= ■[^5/ii/i2,u^i’,(|)t’a;(l)'lf,j,-l(|)^^,-l/i-l,^(l) 

= ■f^5ftift2,-uU>,(|)u;^,l,-l(|)u^,-l;j-l,l(l) 

~ ]G\^gi^~^y,g2^hih2,uW^g-ig^{2)v^g-if^-ig^ (1), 
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we can conclude that e _4 commutes with T if T € 3). 

For the converse, since E{I) = I where I is the unit of J-, then 

T = TE{I) = {TbaW) = {eAT){I) = E{TI) = E{T), 

which yields that T € 3). □ 

3 C'*-isomorphism between xi D{G) and (*F, e^)^* 

In this section, we will construct the crossed product C'*-algebra E x D{G) extending T = T yilD{G) 
by means of a Hopf module left action of D[G) on E, such that E x D{G) coincides with the G*- 
algebra {E,ej()c* constructed from the C*-basic construction for the inclusion AE E. 

As we have known, the field algebra E of G-spin models is a Z)(G)-module algebra, and one 
can construct the crossed product *-algebra Jioc x D{G), as a vector space Jioc D{G) with the 
♦-algebra structure 

(t <S) ig,h)) (f ^ T{g,h)^i){F) 0 {g,h)^ 2 ){s,t), 

(T0ig,h)y = [G^ig,hr)(T*®Ij,^G))- 

The crossed product Jioc x D{G) can be extended naturally to a G*-algebra E x D{G) in 
the following way. Firstly, for any finite subset A C iz, let J^(A) x D{G) be the subalgebra of 
Eioc X D{G) generated by 

{T(^{g,h):T eE{A), {g,h)€D{G)}. 

In particular, we consider an increasing sequence of intervals A„ for any n G N, where 

A 2 n = {s G —n + ^<s<n}, 

A 2 n-i-i = {s € — n — ^ < s < n}. 

In [4] the authors have shown that smash product A^H for a finite dimensional Hopf algebra 
H acting on an algebra A is semisimple if H and A are semisimple. Hence, E{An) x D{G) are 
semisimple. Moreover, E{An) x D{G) are finite dimensional C*-algebras. The natural embeddings 
in '■ E{An) X D{G) —7> J^(A„_|_i) X D{G), which identify the T and {g, h), are norm preserving. Using 
the C'*-inductive limit US], a crossed product C'*-algebra E x D{G) can be given by 

E X D{G) = U(-A(A„) X D{G)). 

n 

To make further investigation about a C*-algebra E x D(G), we first study a local net structure. 
For Ai 9 C iZ, we can construct the crossed product C*-algebra J^(Ai A x D(G). 
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Using the linear basis (5g^(l)(5g2(2)/5/ii(^)/5/i2(i) ^ (ff) ^ -^(^ 12 ) ^ multiplication 

and ^-operation are given as follows 

(Sg^{l)5g^{2)ph^{\)ph^{l) X {g,h)'j(^5s^{l)Ss^{2)pt,{^)pt2{^) x (s,t)) 

= E ^gii'^)^g2i‘^)phAh)Ph2i^)i9,h)(i)iSs,il)Ss2{2)pt,{^)pt2{l)) x {g,h)(^ 2 ){s,t) 

(g,h) 

~ E ^tit 2 ,h-^fh^gi ( 1 )'^S 2 i‘^)phi (2 )/^^2 ( {‘^)Phtih-^ ( 2 ( 2 ) 

f^G 

~ E ^tit2,h-^fh^gi{^)^hihsi{^)^g2{‘^)^hih2hs2{‘^)Phihtih-^{2)Pht7^h-^h2htTt2h-^^2^ ^ ^f-^gh,hs{f 9-iht) 

fee 1 

= ^h-^gh,tit2S^gi,hihsi^g2,hih2hs2^gi{^)^g2{‘^)Phihtih-^{2)Pht^^h-^h2htit2h-^(2) ^ {hsh ,ht), 

where the first equation uses the relation 

(/, h) (^5^1 (1)(5^2 (2)Pti (i)A2 (D) 

= E/(l)<^si(l)/(2)<Js2(2)/(3)Pq(^)/(4)/5t2(i) 

if) 

= Y1 {X3,h)5s^{l){x^^x2,h)6s2{2){x2^xi,h)pti{^){x^^f,h)pt2{l) 

Xi,X2,X3€G 

fh,tit2^hsi (l)<J/iS2 (2)p/itj/i-l {.2^ Pht2h~^ ( 2 )’ 


<^<?i(l)<^S 2 ( 2 )Pfci(^)/ 3 /i 2 (i) X ( 5 ,/i)) 


5<52 €Ct 


si,S2,sGG 

Now, we consider a special element x E in x D{G). 

geG 


Lemma 3.1. The element x ^ {u,g) is a self-adjoint idempotent element. That is 


g&G 


jhi ^ m ^ = i^-^x m E (^>9 


geG 


|G| 


geG 


|G| 


g€G 


Proof. We can compute that 


iu,g 


g&G 


( E <^gi(l)^g2(2) X jk E (u,h))( E ^si(l)<^s2(2) x ^ (u, t)) 

^gi,g2€G ' ' h€G ^ ^si,S 2€G ' ' t€G '' 

7j^^gi,hsi^g2,hs2 E ^gi(^)^g2(^) X (u, ht) 

gi,g2,si,s2,h,teG 

^ E <^giW^g2(2) X (u,ht) 

gi,g 2 ,h,t€G 


|G| 

1 

|G| 


X (u,h)), 

^ h£G ^ 
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and 


= (^J^ X X; (u, ff~^)) X /d(g)) 


g€G 


ffSG 

= Tj(u,9 

' '^ g&G 


Hence, x t^ ^ {u-,g) is a self-adjoint idempotent element. 

gdG 

Lemma 3.2. The element T xi Id(g) in x D{G) satisfies the following covariant relation 
% X ^ E (^>5)) (t X Id(g)) {ir X ^ = {e{T) x {It x ^ 


□ 


g&G 


geG 


Proof. Suppose that T = 5^^(1)5^2(2)pti(^)pt2(i)) obtain 

x ZJ.u,9)) (t X loiG)) 


= T^( E <^S1 (1)'^<?2 (2) X S')) (<Jsi(l)(^s2(2)pG(l)P42(i) X E (■»,«)) 

' ' N /I. ^..^dzn / N sGG ' 


'9i,92SG SGG 

E E,iit2.s*^9l,S«l'^S2,S«2'^Sl (^)'^92 (2)S*gtig-l ( 2 )/^3i2S“^ ( 2 ) ^ iS) 

9i,92,9>«GG 

~ E '^ffsi(^)'^9.S2(^)S’5tig“i(2)S’gt29“^(2) ^ (S'^2 ^1 S' ’S')’ 


96 G 


and then 


X X) (^^S)) (t X -^D(G)) (^.F X X) 

= M E <^ff^l(l)<^9^2(2)/5gG9-l(|)/^fft2<?-l(|) E <^<?i(1)<^92(2) X E (^>s)) 

gsG gi,g2&G g&G 

~ ]Gp E '^Gi2,«'^si,il9l'^^i2,92'^9^il(l)'^ffS2(2)PgGff“^(2)i^9i29“^(2) ^ (^’S'/) 

9,91,92 ,/GG 

1gF'^*i*2,“ E '^9'^i (^)'^9'S2 (2)Pgtig“l ( 2 )^* 9429 “^ (2 ) ^ (^)S/) 

9 ,/eG 

IGP ^tlt2,u E ^ 9^1 (^)'^9S2 (2)P9ti9“l ( 2 )S*9t29~^ ( 2 ) ^ (^)/)' 

9 ,/eG 


On the other hand, 


i^(r) = i^(,5,,(l)5,2(2)fti(i)Pi.(i)) 

~ TGT‘^iii2,it E '^/si (l)'^/«2 (2 )S'/G/-i (2)S’/t2/“'^ (f)’ 

/GG 


and then 

(e{T) y, Ij,(G)){lr X 


~ (jGj'^*1*2,11 E ^fsi{^)^fs2{‘^)Pftif-^{2^Pft2f~^^\) ^ E('®)^))( E ‘^9i(^)‘^ 92(2) X ^(u,t 

^ feG seG ^ ^9i, 92GG teG 


E ^s,uSsi,tif-^gi^fs2,g2^fsii^)^fs2i‘^)Pftif-^i2)Pft2f~^i2') ^ 

/,i,9l,92,sGG 






/,tGG 


From the above, we can obtain the desired result. 


□ 
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The following theorem is one of main results of this paper, which gives a characterization of the 
C'*-algebra {F,ejC)c* constructed from the C^-basic construction for the inclusion F. 

Theorem 3.1. There exists a C'*-isomorphism between the crossed product C'*-algebra F xi D{G) 
and the C'*-algebra {F,e_A)c*- That is, 

Fy^D{G) ^ (J-,e^)c‘. 

Proof. Let 

$ 12 : (7-(Ai 2),e^)c‘ ^ -F(Ai 2 ) X D{G) 

2’ 2’ 2’ 

be a map with 

T !-)■ T X Id{G)^ 

g&G 

Firstly, 1 2 is well-defined and can be linearly extended in (T'(Ai „), &a)g* preserving algebraic 
2’^ 2’^ 

structure. Actually, by Lemma 2.2 and Lemma 3.2, we obtain that 

= ^ 1 , 2 (^. 4 )^ 2 (^. 4 ) = ^ i,2('^(^)e.4). 

Also we have for Ti = 6g.,{l)5g2{2)ph.,{\)ph2{l),T2 = 6si{l)5s^{2)pti{\)pt2{l), 

T1T2 = -Jgi ( 1)532 (2)/5hi(^)/J/i2(i)<^si(l)5s2(2)pti(i)pt2(i) 

= ^gi,hlsi^g2,hlh2S2^gi ( 1)532 {‘^)phiti ( 2 )h2tit2^^') 

and 


‘hi,2 (T’i)<5i, 2 ( 7 ^ 2 ) 

= (531 ( 1)532 (2)pfci(^)p/i2(|) X Ld(g)) ( 5*1 (I)5s2(2)pji(|)pt2(f) X /d(g)) 

= (531 ( 1)532 (2)/3fci i^)Ph2 (f) X Yi9,u)) ( 5*1 (1)5^2 {2)pt^ (l)pt2 (f) X E (s> ^)) 

— E ^9Fi2S^gi,hlsi^92,hih2S2^gi{^)^g2{‘^)Phiti{2)PtFh2t\t2^2^ ^ {^f) 
g^s^G 

= ^giMsi^92,hlh2S2^9i^^)^92{‘^)Phitx{2)PtAh2tit2^l) ^ ^D{G) 

= <hl,2(TlT2). 


Thus, <f>i 2 is an algebra homomorphism. 

Secondly, ‘hi 2 preserves the ^-operation. In fact, we can show for T = 5g,{l)5g^{2)ph^G)ph^{l), 

= KA9S'^^^h^FA92^‘^)PhA^^^PGh-F-^il) and 



S ^h-^gG)K-F-^g2i‘^)Ph-^02)Ph^h^^hA^l^ ^ (/ilM,«) 

geG 

T* X Id{g) 


It follows from Lemma 3.1 that ‘hi o(e^) is self-adjoint, which together with is a projection 
yields that (‘hi 2 ( 6 ^))* = ‘hi 2 ( 6 ^ 1 ) = ‘hi 2 ( 6 ) 4 )- 
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In order to complete the proof we need to show that 9 is bijective. Indeed, For any 
'^9i(l)'^92(2)p/ii(5)/5h2(i) X {9,h) G -7='(Ai 2) X D{G), choose 

such that 


^>1 

2 




= ^9l{'^)^92{‘^)phAk)ph2{l) X (5,/^), 

which implies that <h i ^ is surjective, and then dim (J^(Ai 2 )) c^)c* ^ |G^I^- Also we can show that 
every element 


<551 (1)<552 (2)/3hi (hp/*2 (|))e^(<55i (1)^^2 (2)pti (hpf2 (|) € 2)> e^)c*, 


as a operator on J^(Ai 2 ), is equal to the element 

13 13 

^/i ( 1)^/2 (2)/5(,9i i2^Pv29i2^)^'A{^h-^ip~^ fi (^)^h-ig-V^VrV2 ^‘^)P'^^'^Ph-'^g-^h{lj) ^ (-^(^^, 2 )’ 

where 

/i = 9l> f2=92, 

tpi = gis^^hsig^^hi, 

^2 = h:[^gis^^t^^sig^^hih2h:[^gis^^tit2Sig^^hi, 

9 ~ 9 i^i ^2 '^i 5 i ^ 1 ) 

h = h^^gis]^^. 

Hence, <hi 2 is a C'*-homomorphism and is bijective. By Theorem 2.1.7 in |18] . <hi 2 is a C*- 
isomorphism from (T'(Ai 2 ))e^)c* onto T'(Ai 2 ) x D{G). 

By induction, we can build a C'*-isomorphism between (T'(A| m)T^)c* and T'(A| m) x 

D{G) for any n,m a Z with n < m. 

Now, because of the last relation we can define a C'*-isomorphism 


$: U {H^,m),eA)c* ^ U A D{G)) 

n<m n<m 

by ^l(J-(An ^),eA)c* = isometry, is an isometry between U (T'(A|_^), e^)c 

and U X D{G)). Then by Theorem 2.7 in [2], The map can be extended to an iso- 

n<m 

morphism from (J (T'(Ail „j)t^)c* onto (J (T'(A™ „j) xi Z1(G)). 

n<m n<m 

Finally, the uniqueness of the C'*-inductive limit m implies that (T", e^)c* = U {J^{^^,m),eA)c* 

n<m 

and TyiD{G) = |J (T'(AiL^m) x D{G)). Consequently, the C'*-algebra {F, eA)c* constructed from 

n<m 

the C'*-basic construction for the inclusion ^ C T” ig C'*-isomorphic to the crossed product G*- 
algebra F x D{G). □ 


Remark 3.1. From Theorem 3.1, we know that the C'*-basic constructions do not depend on the 
choice of conditional expectations, which can also be seen in Proposition 2.10.11 |24j . 
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4 The conditional expectation from T xi D[G) onto T 

Let H{m, i, S, A,e) be a Hopf C'*-algebra with finite dimension, where m, i, S, A,e denote mul¬ 
tiplication, unit, antipode, comultiplication and counit, respectively. The dual iL of iL is also a 
finite Hopf C^-algebra with multiplication fh, unit T, antipode S, comultiplication A, and counit e 
defined by 


{A{ip),x^y) 
{m{ip (S> </>), x) 
((/?*, x) 

(S((p),x} 


(ip,m(x (S>y)}, 
((/9 (g) (/>, A(x)), 
((p,S(x)*}, 

iV’, ^h), 

e{x), 

{(p,S{x)). 


Since D{G) is of finite dimension and C{G) (g CG = CG(8> G(G) as algebras, {{y, Sx ): y, x G G} 
can be viewed as a linear basis of D{G). As the above states, the structure maps on D{G) are the 
following 


A(2/,4) 

{y,5x){w,5z) 

S{y,5x) 

It is easy to see that = 


teG 

= Sx,z{yw,Sx), 
= 


- ^X,UJ 

= (x-^y-^x,6x-i). 


(coproduct) 

(multiplication) 

(^-operation) 

(counit) 

(antipode) 


^ {u,6x), and there is a unique element E 2 = Y2 (y^^u), called 
xeG ' 'yGG 


an integral element, satisfying for any b G D{G), 


bE2 = E2b = e{b)E2. 

The map a: D{G) x (J” xi D{G)) F yi D{G) given on the generating elements of x D{G) 
as 

^■((y,^) X (F® ig,h))^ = 6x,h(^F ^ {gy~^,h)^ 

for (g, h) G D{G), can be linearly extended both in D{G) and F x D{G). Here and from now on, 
by {y,6x){F (g) {g,h)) we always denote a{{y,5x) x (F (g) {g,h))) for notational convenience. 

In particular, considering the action of F 2 on F x D{G), we can obtain that 

E 2 {F (g {g, /i)) = E (y> E)(T (g) {g, /?-)) = E ® i9y~^,h)) = j^6h,uiE (g) loiG)), 

y&G y£G 

which means that the range of F 2 on F x D{G) is contained in F. Moreover, we can show that E 2 
is a positive map preserving the unit and possessing the bimodular property. Namely, 
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Proposition 4.1. The map E 2 '. J- yi D{G) —T” is a conditional expectation. 


Proof. (1) E2{Ijr^D{G)) = E 2 {It «) E ( 5 , ?^)) = E {Ir ® Id(g)) = It- 

g€G g&G 

(2) VTi,T 2 & E,T £ E x D{G), we have 
E2{TifT2) = ^ E(2/>E)(TiTr2) 

' yeG 

= TU\ H {y,^t-^)iTi)(.tiytf^,\t-i){T){t2ytf^,St^){T2) 
' ' y,ti,t2€G 1 2 


= ]^ E £{y,^t-^){Ti){tiyti ,5^ ^-i){T)e{t2yt2 ,5t^){T2) 

' ' y,ti,t2&G 1 E 

= ^ E S 6 ^){T)6t,AT2) 

y,ti,t 2 &G 1 ^ 

= TkETi{y,Su){T)T2 
yeG_ 

= T,E2{T)T2. 


(3) We note the relation for any T £ F x D{G), 


E2{T*T) 


M 

M 

M 

M 


Z{y,Su){T*T) 

yeG 


E {y,6,-,){T*){tyt-\6t){T) 

y^t&G ^ ^ ^ 

E {S{y,8,-rr{T)r{tyt-\8t){T) 

y,teG ^ 

E i{tyt~^,^t)iF))*{tyt-^,6t){T), 


y,teG 


which means E 2 is a positive map on xi D{G). □ 

We recall some basic facts about the index for C'*-algebras in |24j . 

Definition 4.1. Let T be a conditional expectation from a unital C'*-algebra B onto its unital 
C'*-subalgebra A. A finite family {(ui, ui), (tt 2 , U 2 ), ■ ■ ■ ,{un,Vn)} G B x B is called a quasi-basis 
for r if for all b £ B, 


n n 

E UiP{vib) = 6 = E T{bui)vi. 
i=l i=l 

Furthermore, if there exists a quasi-basis for F, we call F of index-finite type. In this case we dehne 
the index of F by 

n 

Index F = '^UiVi. 
i=l 

Remark 4.1. (1) If F is a conditional expectation of index-hnite type, then the C*-index Index F 
is a central element of B and does not depend on the choice of quasi-basis. In particular, if A C R 
are simple unital C'*-algebras, then Index F is a positive scalar. Moreover, we can choose one of 
the form {{wi,w*): i = 1,2, ■ ■ ■ , n}, which shows that Index F is a positive element [24j . 

(2) Let N C M he factors of type IIi and T: M ^ N the canonical conditional expectation 
determined by the unique normalized trace on M, then Index F is exactly Jones index [M, A^] based 
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on the coupling constant [19]. More generally, let M be a (u-finite) factor with a subfactor N and 
r a normal conditional expectation from M onto N, then T is of index-finite if and only if Index F 
is finite in the sense of Ref. m, and the values of Index F are equal. 

Next, we consider the conditional expectation from (.F, e^)c* onto the C'*-subalgebra with 
the common unit, where (J^, ej\)c* is the C'*-algebra constructed from the C'*-basic construction 
for the inclusion M 

Theorem 4.1. The map E: {J~,e_A)c* defined on the basis elements of {E,ej()c* by 

^TcaF) = ^TF, 

linearly extended in (.F, e^)c*, is a conditional expectation, and we call it the dual conditional 
expectation oi E: F ^ A. More precisely, set 

3 1 

'^x,y — \G\^5x{k^Py(k -\- 2)^4 

for any k £ Z, then {{ux^y, u*x,y) '■ x.,y £ G} is a quasi-basis for E. 

Proof. Without loss of generality, one can consider the case of k = 1. 

Firstly, one can show that {{ux,y,u%y): x,y £ G} is a quasi-basis of E: (F'(Ai 2 ), e^)c* 
F(Ai 2 )- 3y hypothesis, we have 


E (^{5g^ {l)6g^ {2)ph, (^)Ph2 (i))e4(<5^i (1)<562 (2 )Fi ( 1)^2 ( 

J^^^gi,hisi^g2,hih2S2^gi {^)^g2{‘^)Phiti (2)^t“^/i2tit2 


Note that 


Yl '^x,yE 'W'x,y'^9l(l)^S2(^)P/il(2)/^^2(2)®4<^si(l)<^S2(2)/5q(2)/5i2(2) 
x,y(^G ^ 

= |G|t X; Ux,y^eASxif)py-l{^)Sgiif)Sg 2 { 2 )ph^{l)ph 2 i^)eA 5 sA'^)^S 2 i‘^)ptl{l)Pt 2 i^) 

x,y£G ^ 

— \G\'^ 'Yh '^x,yE e^5a;(l)<53i(l)<^y-lg2(2)P/il(i)P/i-ly-l/n/i2(i)®4<^si(l)<5s2(2)/5q(5)/3i2(i 

x,y£G ^ 

= |G| Y /j (|))^si(l)<5<i2(2)/5ti(^)pt2(|) 

y&G 1 

~ Yh ^y,hih2^gi i^)Pyi 2 '^^f 9 i i^')^fy~^g2 i‘^')Pfhif-^ ^Y^P fhA ( 2 )® 4 * 5 si (1)<^S2 (^)Pii {2^Pt2 (2 

yJ^G 

~ ^gi W Phih2 (2)^2^ g2 (‘^)phl {Y^PhA ( 2 )® 4 < 5 si ( 1)^52 {‘^)Ptl (2)^2 (2 ) 

= <531 (1)'^92 {‘^)phA\)ph2 (i)e.45si (1)<5 s 2 (2)pq {\)pt2 (f), 

which yields that for any a £ {F{Ai A,e^)c*, 

9 


Y Ux,yE{ul^ya) = a. 

x,yeG 


Similarly, one can verify 

Y. ^{ 0 ‘'^x,y)u^ y = a, Va £ (F(Ai 2 ))^ 4 )c*' 

x,y&G 
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By induction, we can show that {{ux,y, u* y): x,y € G} is a quasi-basis of E: ^), e_A)c* 

E{A^_i for any n,m G Z and n < m. 

Finally, by the continuity of the conditional expectation E and the uniqueness of the C*- 
inductive limit m, we conclude that {{ux,y,u* y): x,y G G} is a quasi-basis for E: {E,eX}c* 

F. □ 


Remark 4.2. E 2 is consistent with the dual conditional expectation E oi E\ F ^ A va. Theorem 
3.2. Indeed, it suffices to show that the restriction of E 2 on T'fAi A x DiG) is consistent with that 

of E on {F(Ai A, eAc* because of the continuity of conditional expectations and the uniqueness of 
the C^-inductive limit. Again, it follows from Theorem 3.1 that /"(Ai 2 ) x D{G) is C'*-isomorphic 
to {F{Ai 2)1 ^Alc* by the map 


1 -^ 


\G\ 5 g-^ (1)^32 ( 2 )Phi {2) Ph2g{^))^A{^h-'^hA 91 2 


Thus, we have 


E 2 { 6 g^{l) 5 g^{ 2 )ph^{\)ph 2 {l) X {g,h)) 

= E{\G\5g^ (l)<^g2 (2)p/ii {2^Ph29i^))^A{^h-^h~^gi (^)^h-^g-^h~^h~^g 2 ^‘^'^P'<^^ 2 ^Ph~^g~^h{^))- 


5 The C'*-basic construction for the inclusion C yi D{G) 

In this section, we continue to investigate the crossed product C*-algebra F x D{G), and the 
natural T>(G)-module algebra action on T” x D{G), which gives rise to the iterated crossed product 
C'*-algebra F x D{G) x D{G). The fixed point algebra under this action is given by J-” = J-”x l£){G), 
which is consistent with the range of the conditional expectation £" 2 . We then prove that the G*- 
algebra {F>iD{G), 62 ) 0 * constructed from the C*-basic construction for the inclusion^' C FyiD{G) 
is precisely C'*-isomorphic to the iterated crossed product C'*-algebra F x D{G) x D{G). 

Proposition 5.1. The map a defines a Hopf module left action of D{G) on £ x D{G). That is 
F X D{G) is a left T>(G)-module algebra. 

Proof. It suffices to check that the map a: D{G) x {F x D(G)) —?■ F x D{G) satisfies the following 
relations: 


[{y,5x){wAz)) {F®{g,h)^ 

[y, 5 x){{F ®{ 9 i,hi)){T ® ( 52 ,^ 2 ))) 
{yAx){F ®{g,h)^ 


{y,Sx)(^{w,dz){F 0 {g,h))y 

E ({yAx){i)iE {gi,hi))) Uy, 5 x){ 2 ){T ® (52,^2))), 
{vM ^ ^ ^ ^ 

, 6 xT{F 0 {g,h 


for (y, 6 x), {w, 6 ^) G D{G), T,F gF and (g*, hi), {g, h) G D{G) for i = 1, 2. 
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As to the first equality, we compute 


(^iy,6cc)iw,5z)^{F(g){g,h)) 


Next, 


Sx,z{yw,6x){F ® {g,h)) 

^x,z5x,h{F ® {gw-^y-^, h)) 
Sz,hSx,h{F (g) {gw~^y~^,h)) 
5z,h{y-,^x){F ® {gw~^,h)) 
{y,Sx)(^{w,6z){F ^ {g,h))y 


and 


{y,^x)yF (gi {gi,hi)){T (g ( 52 ,/i 2 ))) 

= E (2/,4)(i^(5'i,/ii){i)7'(g (5'i,/ri)(2)(5'2,/i2)) 
(giM) ^ ^ 

= E (y> ^x) (^F{f, hi)T g) if~^gi,hi){g2, /i2)) 


= pj.y,^x)(^F{f,hi)T(g>6f-ig^huhig2if ^9i,hih2y 

= {y, 5x) (^F{gihig 2 ^h];^,hi)T g) (/^l5f2/i^^ ^ 1 ^ 2 )) 

= Sx,hih2F{gihig2^h^^,hi)T g (/il5'2/^-^^y“^ ^ 1 ^ 2 ), 


E ({y,^x){i){F (g) {gi,hi))) ({y, 6 x)( 2 )(T g ( 52 ,/i 2 ))) 

= E [iy,St-i)iF<gi9i,hi)yytyt-^,6tx)iT<gig2,h2)y 

t^G 

= E ® (5'ly■^ /ii)) (t" g (5'2^2/■^^“^ /i2)) 

t^G 

= SxMh2 (5'ly“^ /ii)) ® (5'2/ir^y“^^i> ^ 2 )) 


= ^ Sx,hih2F{f,hi)T ^ {f ^giy ^,hi){g2h^^y ^/ii,/i2) 

f&G 


= 4,/ii/i2-^(5'i/ii5'2 (^i5'2/iE 2/ ^/il/i2)• 


Thus, we obtain that 
(2/,4)((Tg ( 5 (i,/ii))(r g ( 52 ,/i 2 ))) 


^E^ ((l/,4)(i)(Tg (5(i,/ii))^ ((y,4)(2)(7' g {92,h2))y 


To prove the third equation, we can calculate 

{y,Sx)[F(g{g,h)y = {y,Sx)yiT(^{9,hr){F*(glDiG))) 


= (y,4)(Ujr-g (h ^gh,h ^))iF* <g Id(g))) 



= E ^)F*<g{f ^ghy ^,h ^), 


/eG 
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and 




= (^{x ^yx,5^-i){F (g) {g,h))^ 

= (g {gx-^y-^x,h)'j 

f&G 


□ 

From Proposition 5.1, we can constrnct the crossed product {F xi D{G)) xi D{G), which is called 
the iterated crossed product C'*-algebra. 

In the following, we will consider the Il(G)-invariant subalgebra of xi D{G). To do this, set 
{F X D{G))^^^^ = {f eF>^ D{G ): h{f) = T(6)(f), V6 G 11(0)}. 

One can show that {F x D{G))^^^^ is a C^-subalgebra of J-" x D{G). Furthermore, 

(F X D{G))^^^^ = {f G J- X D{G): E2{f) = f}. 

In fact, for T G (J' x D{G))^'> Q F D{G), we can compute that 

E2{f) = ^ E (2/,E)(t) = ^ E e(2/,E)(r) = jFj2f = f. 

' yeG ' SeG yeG 

For the converse, suppose that T G T" x D{G) with E 2 {T) = T. Then for any {w,Sz) G D{G), we 
have 


{w,5,m 


{w,5,)E2{T) 

E (y>E)(T) 

y£G ^ 

E ^z,u{wy,5u){T) 

' EeG 

e{w,5,)E2{T) 

e{w,5z){f). 


This can be linearly extended in D{G). Hence, T ^ {F y\ D{G))^^^\ 


Remark 5.1. {F X D{G))^^^^ is the subalgebra of T” x D{G) corresponding to the trivial repre¬ 
sentation £ of D{G). In fact, D{G) is semisimple and F x D{G) is a Zl(G')-module algebra, then 
F X D{G) is completely reducible, which means F x D{G) can be decomposed into a direct sum 


Fy^D{G)= 0 {Fy^D{G)Y, {F >i D{G)Y = M^{F D{G)), 

re [ 5 (G)] 

where [11(0)] denotes the set of equivalence classes of irreducible representations of D{G), and 
{M^,r G [Z1(0)]} the set of minimal central idempotents in 11(0). 
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Clearly, {£,J- x D{G)) is an irreducible representation of D{G). As we have known that the 
representations of D{G) are in one-to-one correspondence with the -D(G)-modules, then 

{F^D{G)f = {FeFy\D{G):b{F) = £{b)F,yheJ^} = E2{F ^ D{G)) 

is a A>(G)-module. As a consequence, {F x D{G))^^^'> = x D{G)Y corresponds to the trivial 
representation e, where is just E 2 . 

Naturally, we consider the C^-algebra {F x D{G),e 2 )c* constructed from the C'*-basic con¬ 
struction for the inclusion F F F y\ D[G) in the following, where 62 is the Jones projection of 
E 2 . 

Theorem 5.1. There exists a C'*-isomorphism of C'*-algebras between F x D{G) x D[G) and 
{F X D{G),e 2 )c*- That is, 

F X D{G) X D{G) ^ (T' X D{G), 62 ) 0 * ■ 


Proof. The proof is similar to that of Theorem 3.1. Indeed, considering the map T given by 

T: {F D{G),e2)c* ^ F x D{G) y\D{G) 

Ty<i{g,h) ^ T x (gi, h) x 

62 •-> Ij^y,D{G) xi A Z] (i/jZ), 

y(^G 


one can show that T is a C'*-isomorphism from F x D{G) x D{G) onto {F x D{G),e 2 )c* ■ D 

Moreover, by Takai duality [23], the iterated crossed product C'*-algebra F x D{G) x D{G) is 
canonically isomorphic to M^q^ 2 {F). 

Remark 5.2. In the following we will give the concrete construction for M^q^ 2 {F). 

The local field M|q| 2 (Tioc) of a M|g| 2 (G)-spin model is a *-algebra with a unit 

erated by | (8) M, ph{l) 0 N: g,h & G, x G Z, Z G Z -|- i, M, N G LB(M|g| 2 )| satisfying the 

following relations 


Om{x)0%{x) 

E 0%x) 

qGG 

0%{x)0%{x') 

Dl{l)0%{x) 

{OU^W 

{D'hm 


OUx'Wx), 

r Of,{x)D%{l), ifZ<x, 

\ OUx)D%{l), iil>x, 

\ ifZ<Z', 
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for X, x' E Z, I, I' E Z+i and g,h ^ G, where by 0^(x), D^{1) and LB(M|cr| 2 ) we denote 6g{x)®M, 
Ph{l) <8) iV and the linear basis of M^q^ 2 {C) for convenience, respectively. 

For any finite subset A C |Z, let M|g| 2 (J^(A)) be the *-subalgebra of M|(^| 2 (Jioc) generated by 

{0^(x), D%{l):g,h^G, x,l G A, M,iV E LB(M|g| 2 )}. 

Similar to the case of the field algebra of a G-spin model, one can show that M|g| 2 (J^) is the 
G*-algebra given by the G*-inductive limit 

M\g\2{J^) = u A/'|G| 2 (.F(An)). 

n 

From now on, we call AI\^Q\p{F) the field algebra of a M|Q| 2 (G)-spin model, and we call 0\j{x) and 
D^{1) order and disorder operators, respectively. 

Now one can show that the field algebra J- xi D[G) xi D{G) is D(G)-module algebra. Indeed, 
the map 

r: D{G) x {T D{G) x D{G) x D{G) 

given on the generating elements of x D{G) x D{G) as 

T{{g,h) X (F0 (?/,4))) = Sh-^gh,x-^yxiF ^ 

for any F G F x D{G), can be linearly extended both in D{G) and F x D{G) x D{G). 

The observable algebra of M|( 5 | 2 (G)-spin models is defined as {F x D{G) x D(G))^^^\ So it is 
clear that {F x D{G) x = E 2 {F x D{G) x dJg)) =Fx D{G). 

Remark 5.3. Let ^ C 7^ be an inclusion of unital C*-algebras with a conditional expectation 
E: F ^ A of index-finite type [26]. Set F-i = A, Fq = F, and Ei = E, and recall the C'*-basic 
construction (the C'*-algebra version of the basic construction). We inductively define Ck+i = ^ 

and Fk+i = {Fk,ek+i)c*, the Jones projection and C'*-basic construction applied to Ek+i‘. Fk —>■ 
Fk-i, and take Ek +2 ■ ^k+i to be the dual conditional expectation Ej^^ of Definition 2.3.3 in 

|24j . Then this gives the inclusion tower of iterated basic constructions 

AFF FF X D(G) FFx D{G) x D{G) <G F x D{G) x x D{G) C • • • . 

It follows from Proposition 2.10.11 of |24] that this tower does not depend on the choice of E. 
Notice that F 2 = F x D{G) x D{G) is C'*-isomorphic to M\q] 2 {F), the field algebra of a 

A/|(^| 2 (G)-spin model, and 7*4 = T” x D{G) x D{G) x D{G) x D{G) is C'*-isomorphic to M^q^4{F), 
called the field algebra of a M|c'|4(G)-spin model, where the order and disorder operators can be 
defined similar to those in Remark 5.2. 
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